In this paper, the envelope-constrained H∞ filtering problem is investigated for a class of discrete time-varying stochastic systems over a finite horizon. The system under consideration involves fading measurements, randomly occurring nonlinearities (RONs) and mixed (multiplicative and additive) noises. A novel envelope-constrained performance criterion is proposed to better quantify the transient dynamics of the filtering error process over the finite horizon. The purpose of the problem addressed is to design a time-varying filter such that both the H∞ performance and the desired envelope constraints are achieved at each time step. By utilizing the stochastic analysis techniques combined with the ellipsoid description on the estimation errors, sufficient conditions are established in the form of recursive matrix inequalities (RMIs) reflecting both the envelope information and the desired H∞ performance index. The filter gain matrix is characterized by means of the solvability of the deduced RMIs. Finally, a simulation example is provided to show the effectiveness of the proposed filtering design scheme.
Introduction
Filtering or state estimation has long been a hot research topic in the areas of communications, control and signal processing. Among various filtering approaches available in the literature, the H ∞ filtering has gained particular research attention due to its capability of providing a bound for the worst-case estimation error without the need for knowledge of noise statistics. It should be mentioned that most existing results with regard to H ∞ filtering have been concerned with the time-invariant systems over the infinite-horizon and the corresponding results for time-varying case are relatively few. In reality, almost all practical systems are subject to time-varying parameter variations and should be modeled as timevarying systems (see e.g. [4] ). As such, the finite-horizon H ∞ filtering problem has received extensive research at-tention in the past few years. For instance, the recursive linear matrix inequality (RLMI) method has been proposed in [10] to effectively solve a finite-horizon filtering H ∞ problems for a class of nonlinear systems with quantization effects. The backward recursive Riccati difference equation (RDE) approach has been developed in [3] to deal with a distributed H ∞ state estimation problem over sensor networks.
Because of the ever-increasing popularity of communication networks, more and more control and signal process algorithms are executed over communication links. In networked systems, the limited bandwidth of the communication channel gives rise to various networkinduced phenomena such as the transmission delay [2] , missing measurements [11] , signal quantization [7] , randomly occurring nonlinearities (RONs) [10] , etc. If not properly handled, these network-induced phenomena could cause performance degradation of the addressed systems. It is worth noting that the phenomena of RONs have been put forward to describe the networkinduced nonlinear disturbances. This kind of nonlinear disturbances might stem from some abrupt phenomena such as random failures and repairs of the components, changes in the interconnections of subsystems, modification of the operating point of the linearized model of a nonlinear system. Two typical approaches have been widely adopted to cater for such phenomena: one is to introduce a sequence of random variables obeying the given Bernoulli distribution [10] and the other is to utilize the statistical laws with known expectation and secondary moment [17] . The latter description includes some well-studied nonlinearities as special cases such as system with state-dependent multiplicative noises and nonlinear systems with random vectors whose powers depend on the norm of the state. To date, the occurrence of RONs has gained some particular research interest and the corresponding research on more general systems is still ongoing. For example, the H ∞ filtering issue for time-varying stochastic systems with both RONs and mixed noises (multiplicative and additive noises) has not been adequately investigated, and this constitutes one of the motivations for the present research. Compared with the well-studied network-induced phenomena such as communication delays and packet dropouts, the research on network-induced channel fading problem is still on its early stage despite the fact that the wireless channels are susceptible to fading effect [5] . Generally speaking, when a signal is transmitted over a wireless channel, it is inevitably subject to some special physical phenomena such as reflection, refraction and diffraction, which lead to the multi-path induced fading or the shadow fading. Fading is often modeled by a time-varying stochastic mathematical model representing the transmitted signal's change in both the amplitude and phase. Some representative models have been investigated, of which the analog erasure channel model, Rice fading channel model and Rayleigh channel model are arguably the most popular ones, see [14] for more details. Up to now, some preliminary results have been reported in the literature concerning the stability analysis, LQG control and Kalman filtering problems with fading measurements, see [5, 8, 15] and the references therein. Unfortunately, the finite-horizon H ∞ filtering problem for time-varying stochastic systems with fading measurements has attracted little research attention, which remains as an open research issue. Nowadays, the envelope-constrained filtering (ECF) technique has been utilized to solve a wide range of practical engineering problems arising in signal processing and communications. Examples include the communication channel equalization problems, the radar and sonar detection problems, and the robust antenna and filter design problems [1] . It should be pointed out that the aim of ECF problems is to find a filter such that the filtering error output stimulated by a specified input signal lies within a desired envelope and the effect from the input noises is also minimized [13] . The specifications of the given envelope can arise either from the standards set by certain regulatory bodies or from the practical design consideration [1] . In the time domain, the ECF issue is usually cast as a finite-dimensional constrained quadratic optimization problem which can be effectively handled by using linear matrix inequality approaches [19] . For example, by utilizing the H ∞ or H 2 optimal theory, some filter design schemes have been proposed in [12, 18] . Almost all ECF-relevant literature has been concerned with the linear time-invariant systems, and the corresponding investigation on the nonlinear time-varying systems has not received proper research attention for the following two reasons: 1) it is non-trivial to define the envelope constraints for time-varying systems over a finite-horizon; and 2) it is challenging to develop appropriate methodology to analyze the transient dynamics of the filtering error due to the time-varying nature.
Summarizing the discussions made so far, it is of both theoretical significance and practical importance to design an envelope-constrained H ∞ filter for the timevarying systems with network-induced RON, fading channel and mixed noises. This appears to be a challenging task with three essential difficulties identified as follows: 1) how to define the criterion for the envelopeconstrained filtering of a class of time-varying systems with network-induced phenomena? 2) what kind of methods can be developed to solve the addressed envelope-constrained filtering problem over a given finite-horizon? 3) how to examine the impact from the statistical information of both fading measurements and RONs on the filtering performance? It is, therefore, the main motivation of this paper to provide satisfactory answers to the three questions mentioned above and also propose a design scheme of the envelope-constrained H ∞ filter. In this paper, we aim to investigate the envelopeconstrained H ∞ filtering problem for a class of discrete time-varying stochastic systems with simultaneous presence of fading measurements, RONs and mixed noises. Some sufficient conditions are established, via intensive stochastic analysis, to guarantee the existence of the desired time-varying filter gains, and then such filter gains is obtained by solving a set of recursive matrix inequalities (RMIs The shorthand diag{·} denotes a block diagonal matrix.In symmetric block matrices, the symbol * is used as an ellipsis for terms induced by symmetry.
Problem Formulation and Preliminaries
Consider the following discrete time-varying stochastic system defined on k
where x k ∈ R nx , y k ∈ R ny and z k ∈ R nz are, respectively, the state vector, the measurement output (without fading) and the signal to be estimated. 
for all x, y ∈ R nx , where Φ k and Ψ k are known real matrices with appropriate dimensions. Letting the number of paths denoted by ℓ be given, the actually received signal by the filter is of the following
where 
nx is the estimated state,ẑ k ∈ R nz represents the estimated output, and K k is the time-varying filter gain matrix to be designed. Let the state estimation error be e k = x k −x k and the output estimation error bez k = z k −ẑ k . Then, the dynamics of the filtering errors can be obtained from (1) and (4) as follows
where
Our aim in this paper is to design an envelopeconstrained H ∞ filter of the form (4) such that the following requirements are met simultaneously: a) (H ∞ requirement) for any nonzero ζ k , the outputz k of the augmented system (6) satisfies
where γ is a prescribed positive scalar and W i > 0 (−ℓ ≤ i ≤ 0) are some weighting matrices; b) (envelope constraints) under the zero-initial condition, for the given input signal
the corresponding outputz * k of the augmented system (6) satisfies (8) where
, and {d
and {ε ] are the sequences of the desired output and the tolerance band, respectively. Obviously,
are positive scalars. Remark 1 (8) gives the envelope constraint on the individual estimation error in the mean square, which can be understood as the stochastic version of the envelope definition in [12] over a finite horizon. Similar to [12] , an envelope-constrained H ∞ filtering system is shown in Fig. 1 
Main Results
In this section, by resorting to the stochastic analysis combined with the ellipsoid description on the estimation errors, some sufficient conditions are proposed to guarantee the H ∞ performance and achieve the desired envelope constraints for the H ∞ filter design over the given finite horizon.
H ∞ Performance Analysis
The following lemma will be used in deriving our main results.
Lemma 1 Let the external disturbances ζ k and the initial values {η
where P k and R i,j are symmetric positive definite matrices with appropriate dimensions, the following relationship
is true, where
Proof: By calculating the difference of the first term in V k along the trajectory of the system (6) and taking the mathematical expectation, one has
On the other hand, it is not difficult to show that
Therefore, it follows from (11) and (12) [1, ℓ] satisfying the following recursive matrix inequalities
and (6), we introduce the following function
It is easy to see from (2) that
Then, substituting (10) and (16) into (15) results in
Due to {ζ k } k∈[−ℓ, −1] = 0, adding the zero termz
Summing up (18) on both sides from 0 to N with respect to k, one has
Finally, it can be easily concluded from (13), (14) and
which means that the H ∞ performance index (7) holds, and the proof is now complete.
Envelope Constraint Analysis
Let us now deal with the analysis issue on the envelope constraints for the addressed discrete time-varying stochastic systems by employing the idea of ellipsoid description borrowed from the set-membership filtering method. 
Theorem 2 Let the filter gain matrices {K
Here,η * k satisfies the following recursive dynamics
Proof: To start with, let us first propose an ellipsoid description on the errors between the states of the augmented system (6) (with the given input ζ * k ) and the recursive dynamics (22). Then, based on the obtained ellipsoid description, the envelope constraints given in (8) can be transformed into a set of recursive matrix inequalities that are easy to handle. For this purpose, define an ellipsoid Ω(Q, η s , 1) in the mean-square sense as follows
where Q ∈ R 2nx×2nx is a positive definite matrix and η s is the centre of the ellipsoid Ω(Q, η s , 1). In what follows, by using the mathematical induction method, we will first prove the following assertion. Assertion: The solution Q k of (21b) satisfies
, whereη * k is determined by the dynamics (22). The proof of the above assertion is divided into two steps, namely, the initial step and the inductive step.
Therefore, by using the Schur Complement Lemma, it can be verified from (25) that the solution Q 1 of (21b) satisfies
which means that η 1 belongs to the ellipsoid Ω(Q 1 ,η * 1 , 1). Inductive step. So far, we have proved that the assertion is true of i = 1. Next, given that the assertion is true for i = k, we aim to show that the same assertion is true for i = k + 1. Since the assertion is true for i = k, it follows again from [6] that there exists a set of random vectors ϖ i (with E{ϖ
. It remains to show that, for i = k + 1, the solution Q k+1 of the recursive matrix inequalities (21b) guarantees η k+1 ∈ Ω(Q k+1 ,η * k+1 , 1). For notational simplicity, denote ϖ
T . Similar to the initial step for i = 1, it can be derived that
which implies that η k+1 belongs to Ω(Q k+1 ,η * k+1 , 1) if (21b) holds. Therefore, by the induction, it can be concluded that the solution Q k of (21b) satisfies (24). Having proved the assertion, let us now consider the envelope constraints (8) which are equivalent to the following inequalities
Noticing that there exists a random vector ϖ k+1 satisfying
In light of E{ϖ
Obviously, it follow from (29) that (27) (or (8)) holds if Υ k < 0 which is, according to the Schur Complement Lemma, equivalent to   
−(ε
By performing the congruence transformation diag{I, Θ k+1 , I} to (30), it is not difficult to obtain the inequality (21a) and therefore (30) is true. It can now be concluded that the envelope constraints (8) 
Envelope-Constrained H ∞ Filter Design
Having established the analysis results, we are in a position to deal with the filter design problem. For this purpose, denotē
It is not difficult to see that the inequalities (13), (21a) and (21b) in Theorem 1 and 2 are, respectively, equivalent to [1, ℓ] 
Numerical Example
In this section, a numerical example is presented to illustrate the effectiveness of the proposed envelopeconstrained H ∞ filter design scheme for discrete timevarying stochastic systems (1) with fading measurements (3). The corresponding parameters are given as follows
The probability of RONs is taken asᾱ = 0.45 and the nonlinear vector-valued function h(k, x k ) is chosen as
where h 1 (k, x k ) = −0.06x 1k + 0.03x 2k + tanh(0.03x 1k ) and x i (k) (i = 1, 2) denotes the i-th element of the system state x(k). It is easy to see that the constraint (2) is met with 
The order of the fading model is ℓ = 1 and the probability density functions of channel coefficients are as follows { f (ϑ 0 ) = 0.0005(e 9.89ϑ
It can be obtained that the mathematical expectation ϑ s (s = 0, 1) are 0.8991 and 0.1174, and the variancẽ ϑ s (s = 0, 1) are 0.0133 and 0.01364. Furthermore, by utilizing 2000 times simulation to system (1) with the given input ζ * k , the desired output d k and the tolerance band ε k are, respectively, selected as
The desired envelope is shown in Fig. 2 . Let the positive scalar γ and the corresponding matrices be taken as γ = 0.75, W 0 = 21I and W i = I (i = −ℓ, · · · , −1). By applying Theorem 3, the desired filter parameters are obtained and shown in Tab. 1. Other matrices are omitted for space saving. Table 1 The filter parameter 500-times independent simulation trials, the average trajectories of the filter outputs and the filtering errors are shown in Fig. 3 and Fig. 4 , respectively. The simulation results have confirmed that the designed filter performs very well. In what follows, it would be interesting to see the relationship between the disturbance attenuation level γ and the probabilityᾱ. With the same parameters with the previous trials, by applying Theorem 3, we can obtain the permitted γ with respect to the different probabilitȳ α as shown in Table 2 , from which we can see that the disturbance attenuation performance (in terms of γ) deteriorates with increasedᾱ. Furthermore, in order to see the relationship between γ and the channel number ℓ, we assume that the probabilityᾱ is 0.45, and the parametersθ s andθ s for all s ∈ (0, 1, · · · ℓ) are 0.35 and 0.0134, respectively. In this case, the permitted γ is shown in Table 3, from which we can observe that a smaller ℓ leads to a better filtering performance. Finally, let us show the relationship between γ and the tolerance band ε k . For this purpose, we assume that the probability density function f (ϑ s ) (s = 1, 2) is the same as (33) and the probabilityᾱ is 0.45. By utilizing Theorem 3 again, we can obtain the permitted γ for different tolerance bands ε k as listed in Table 4 . We can find from Table 4 that a larger sequence value of the tolerance bands results in a smaller γ, indicating that a larger sequence value improves the disturbance attenuation performance, which deserves further theoretical investigation. Table 4 The permitted γ with different tolerance bands
The tolerance band 1.02ε k 1. 
Conclusions
In this paper, we have addressed the envelopeconstrained H ∞ filtering problem for a class of discrete time-varying stochastic systems with fading measurements, randomly occurring nonlinearities (RONs) and mixed noises. Some uncorrelated random variables have been introduced, respectively, to govern the phenomena of RONs and fading measurements. A novel envelopeconstrained performance criterion has been proposed to describe the transient dynamics of the filtering error process. By employing the stochastic analysis approach combined with the ellipsoid description on the estimation errors, some sufficient conditions have been established in the form of recursive matrix inequalities and the desired filter gain matrices have been obtained in terms of the solution to these matrix inequalities. Further research topics include the investigation on the blind equalization problems with fading measurements and RONs.
